
 
Projectionsand planes

Question Suppose we have a point P and a plane in IR

How do we find the point on the plane that is closest
to P

P
Answer Find the line

L through P that is a

perpendicular to the
plane and find the

point where L intersects the plane

In order to do this it is helpful to use properties
of the dot product

Thedotproducttangles

Recall that the dot product of two vectors

J FI and I If is defined

J I X Xz t y ly z t Z Zz

Properties of the dot product
let I I and it be vectors in 1123 or R2

T.in is a real number i.e a scalar
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If k is a scalar then ki in k tow J kin

ii Ttu fi.ir t u.w

If 0 is the anglebetween T and it then

i ni HillHill cost in
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we can use property to compute the angle between
two vectors

Ex let it I J I
Then ii f kill11TH cost so

coso fait i 3T I
since 0 E O E IT this means D 2

How do we know

equilateraDF.getpysig.de
lengths to 2

Then cost I
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Notice that for I in nonzero vectors 11TH and thrill
are both positive so T.tv 1181111811 cost has

t
The same sign as cos0 so we get the following

Cosa

so

I

a jaw o Off E i.e Q is acute

f in O O Iz i e J and T are perpendicular

If T.in 8 we say that J and T are o al ie

if the angle between them is 72 or one of J and it is
o

Projections

It's often useful to be able to write a vector as
the sum of two orthogonal vectors



Ed A 10lb block is on a frictionless 300 ramp How

much force is needed to keep the block from sliding

w I force due togravity so Huitt 10
s

w
w We can write in Tvtwo and
rs
3oofzoo find HWTH

thrill
sin300 IT

thrill ztHwH Ilo s

So 5 lbs of force up the ramp are needed in order

to keep the block from moving

More generally

If d is a nonzero vector and I an arbitrary
vector we want to find the projection of T onto

d That is we need

I I t Uz
j
n where I is parallel to d and

r I is orthogonal to UT Indu To this case T is called theUl

projection of it onto d denoted
u puja T



Nele u may point the opposite direction from d

i
Homo
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d

I 8 if and only if d and I are orthogonal

How to calculate it project
We know that I is parallel to d so

I td some scalar t

We also know that UI I I L tf is perpendicular
to It so

O Cli td I I d td.d u.at tHdH

talk I I
t u

11dm

Thus we've shown that

pwjau ft.at dH

Scalar

Ex what is the projection of a onto d fall
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Ex What is the shortest distance from the point

Q 1,3 2

2 l
to the line w vector equation f 9 t tf fO
Q c

T T2 direction
I Po

I
BQ na Po is a point on the line so

we are looking for I in the
Po direction of the line i.e parallel to

d so that I PTQ I is perpendicular
to do The distance we are looking for
will then be III It
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I I I I 3 to

so ii puja s d o

f t
Thus iii i ai ft fi
so the distance is HUTH TEH 53

Which point on the line is closest to Q

Foti I tf f
check that the distance from Q to 6,2 l is B

Planes

How can we describe a place in 1123 Note that there
is a unique plane perpendicular to agiven line containing
a particular point Thus those are the two things we
will use to describe a plane

P

Def A nonzero vector is c Po
al to a plane if it

is orthogonal to every vector in the plane



Thus if Po ExoyoZo is a point and I 1 8 then

the plane containing Po with normal vector T contains

the point P G y z as long as

PoP is orthogonal to T

PTP Xyz ooo

so the plane is the points P x y z that satisfy

vectors I PIP O i e
equation
optanaels

ay If 0 this gives us the following

scalar equation of a plane
The plane containing the point Po Xo yo Zo with normal

vector in E 18 is givenby

a x Xo t b y y te z Zo 0

That is a point F x y z is on the plane if and only if
it satisfies this equation

Ex The plane with T f as a normal vector that

contains the point 5 2 1 has equation

2 x 5 t 3 y t 2 Ift 1 O



Ex Consider the plane 3 2y 6 Find a plane

parallel to this plane that contains the point
7,0 5

All parallel planes have the same normal vectors so

we just need to find a normal vector to 3 29 6

The normal vector will just be the coefficients f How

do we know this we can rewrite 3 4 6 as

3 x Ly 6 0
3 2 y 3 t Oz O
e

coefficients
Thus the plane we want is

3 x F 2y t O 2 0 or

3 x T 2y 0

Cx Find shortestdistance from the point P 2,1 3 to

the plane with equation 3x y 47 1

Rewrite equation as 3x ytl 47 0

Then Po 0 I O is on the plane and

I HI is a normal vector



We want to find Q the point on the plane closest
to P P E

501 a ai
let it PTP f is f

Q

The projection of it onto it is
no

p
u project 00am

I I hi a si

t ft a

f't
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So the distance is built THE
4m26
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Edt fit

i f tt H iif.El
80 to find the point wewant
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so the point is
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Solution 2 we can just find a linethrough P

perpendicular to the plane and see where it

intersects the plane P

as

I will be a direction vector
Q

for the line so a vector

equation for the line is

X 2 t 3 t

I 1 t tfy or y l t
2 3 ttt

so to find where this meets the plane we

can plug these values for X y 7 into the

equation for the plane to see if There is
a t that works

3x ytl 47 0

3 2 3 t I E ti t 4 3 4 t O

G t t t 2 t 12 116 t o

26T 8

f 4
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Plugging this back into the equation for the



pine gives us Q

Q 2 t Yz l F 3 t tf
c

we can find the distance by just calculating 1115911
which is FFG

Thecrossproduct

If P Q R are distinct points in 1123 not all in a

line then there is a unique plarge containing
all three points

P Q

How do we find the plane R

We need to find a normal vector i e a vector

orthogonal to both FR and PI The cross product
gives us a way to do this

First we give the standard basis vectors names

ii fool I 181 If
There is a trick for defining the Cross product



Def If I If and J then the crossp.ro t

is defined viii det If I I 1 Hi 1 Litt'sfi
hia9EI T y y g.cx.z x yfcx.axsifl

t iA
You can take either of the highlighted formulas as the definition

but the first is easier to remember

Ex If J L and I then

in outfit If.li iti kiIItlisli
ti f 1 j t 3T

III
Note that this vector is orthogonal to both E
and T

J J xut I It 6 0 and



iv Tat Ot 3 3 0

This is true ingeneral

theorem let T and I be vectors in IR

Txt is a vector orthogonal to J and T

If I and I are nonzero then Jin J if and only
if I and I are parallel

J x in Wtxf

Ed what is the equation of the plane through
P 1,3 2 Q I 1,5 and R 2 2 3

Fo and PTT
g lie in the

plane so a normal vector to the plane is

in POT x ftp.detfiI ytg

II s4i l tjtl tli
fEt



Theus the plane has equation
25 x l t T y 3 t 2 Zt 2 O

Ex Find the shortest distance between non parallel lines

III II Itt an f lilts
First we find a plane containing the first line parallel to the

second Its normal vector must be orthogonal to the

direction vectors for each line so we set it to

E 4 x det if I I

fi if LI
Since A 1,0 l is a point on the first

line an equation for the plane is thus

x l t 3 y t 2 2 1 0

Now we just need to find the distance from a point on the

second line egPEG 1,0 to the plane

This length will just be the length of the projection
of a P.PT onto ht



The projection is

project
I I

w
1512

which has length
II 51 tu Il 2 3 2 3

kill T Iif Fi

How do we find the points on the two lines
where they are closest

Say the points are A and B on the two lines

respectively Then

n.it Eoi iI fiIEi.tI
for some S and t

ATI must be orthogonal hw
to both lines so it Pa
should be orthogonal B fto the respective

adirection vectors
A T

O AT3 f 4 25 4th s t
P

5 s

stoAB.LI 2ts 2ttlts ltstt 2t3s t



so we get 5t s 5
t 3s 2

is I L Iii titlist it
fi it s if t.it

so A Gtf o B CIE t ET
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